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Abstract. We study the group of group-like elements of a weak Hopf al- 
gebra and derive an analogue of Radford's formula for the fourth power of 
the antipode S, which implies that the antipode has a finite order modulo a 
trivial automorphism. We find a sufficient condition in terms of Tr(5 2 ) for a 
weak Hopf algebra to be semisimple, discuss relation between semisimplicity 
and cosemisimplicity, and apply our results to show that a dynamical twisting 
deformation of a semisimple Hopf algebra is cosemisimple. 



1. Introduction 

Weak Hopf algebras were introduced by G. Bohm and K. Szlachanyi in H and 



17 1 (see also their joint work (!]] with F. Nill) as a generalization of ordinary Hopf 
algebras and groupoid algebras. A weak Hopf algebra is a vector space that has 
both algebra and coalgebra structures related to each other in a certain self-dual 
way and that possesses an antipode. The main difference between ordinary and 
weak Hopf algebras comes from the fact that the comultiplication of the latter is 
no longer required to preserve the unit (equivalently, the counit is not required 
to be an algebra homomorphism) and results in the existence of two canonical 
subalgebras playing the role of "non-commutative bases" in a "quantum groupoid" . 
The axioms of a weak Hopf algebra are self-dual, which ensures that when H is 
finite dimensional, the dual vector space H* has a natural structure of a weak Hopf 
algebra. 

For the foundations of the weak Hopf algebra theory we refer the reader to [[l| 
and to the recent survey 

The initial motivation to study weak Hopf algebras was their connection with 
the theory of algebra extensions. It was explained in |l^, [l4| that weak Hopf C*- 
algebras naturally arise as symmetries of hnite depth von Neumann subfactors. A 
purely algebraic analogue of this result was proved in H , where it was shown that 
a depth two Frobenius extension of algebras A C B with a separable centralizer 
Cb (A) comes from a smash product with a semisimple and cosemisimple weak Hopf 
algebra H, i.e., (Ac B) = (Ac A#H). 

Another important application of weak Hopf algebras is that they provide a 
natural framework for the study of dynamical twists in Hopf algebras. It was 
proved in [Q that every dynamical twist in a Hopf algebra gives rise to a weak 
Hopf algebra. Also in a family of dynamical quantum groups (weak Hopf al- 
gebras corresponding to dynamical twists in quantum groups at roots of unity) 
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was constructed. These weak Hopf algebras were shown to be quasitriangular with 
non-degenerate i?-matrices and, therefore, self-dual. 

It turns out that many important properties of ordinary Hopf algebras have 
"weak" analogues. For example, the category Rep(-ff) of finite rank left modules 
over a weak Hopf algebra H is a rigid monoidal category (the category Rep(-ff) was 
defined and studied in || for weak Hopf C* -algebras and in for general weak 
Hopf algebras). The importance of weak Hopf algebra representation categories 
can be seen from the result of V. Ostrik Q, who proved that every semisimple 
rigid monoidal category with finitely many (classes of) simple objects is equivalent 
to Rep(_ff) for some semisimple weak Hopf algebra H. 

Also, the theory of integrals for weak Hopf algebras developed in Q is essentially 
parallel to that of ordinary Hopf algebras. Using it, one can prove an analogue 
of Maschke's theorem [Q, Theorem 3.13] for weak Hopf algebras and show that 
semisimple weak Hopf algebras are finite dimensional. 

Despite these similarities, the structure of weak Hopf algebras is much more com- 
plicated than that of usual Hopf algebras, even in the semisimple case. For instance, 
the antipodc of a semisimple weak Hopf algebra H over C, the field of complex num- 
bers, may have an infinite order and quantum dimensions of irreducible iJ-modules 
can be non-integer (this is clear from the relation between weak Hopf algebras and 
semisimple monoidal categories mentioned above). Also, weak Hopf algebras of 
prime dimension can be non-commutative and non-cocommutative, quite in con- 
trast with the usual Hopf algebra theory cf. . An example of an indecomposable 
semisimple weak Hopf algebra of dimension 13 having such properties was given in 
D (see also 0, Appendix]). 

In this paper we start an investigation of the structure of finite dimensional 
weak Hopf algebras and prove weak Hopf algebra analogues of several classical 
Hopf algebra results obtained in [|| and Q . 

After giving necessary definitions and discussing basic properties of weak Hopf 
algebras in Section 2, we classify all minimal weak Hopf algebras (i.e., those gener- 
ated by the identity element) in Section 3. We show that every weak Hopf algebra 
can be obtained as a deformation of a weak Hopf algebra with the property that the 
square of the antipode acts as the identity on the minimal weak Hopf subalgebra. 

Next, in Section 4 we define the group G(H) of group-like elements of a weak 
Hopf algebra H and show that it contains a normal subgroup Gq(H) of trivial 
group-like elements that belong to the minimal weak Hopf subalgebra of H. An 
adjoint action of any group-like element defines a weak Hopf algebra automorphism 
of H . Note that even in finite dimensional case both G{H) and Gq(H) are usually 
infinite. However, when H is finite dimensional, we show that the quotient group 
G{H) = G{H)/G {H) is finite. This G(H) turns out to be the correct weak Hopf 
algebra analogue of the group of group-like elements in an ordinary Hopf algebra. 
We introduce the notion of a distinguished coset of group-like elements of H, that 
"measures the difference" between left and right integrals in H*. 

In Section 5 we extend to weak Hopf algebras the result of D. Radford [El| 
stating that the antipode of a finite dimensional Hopf algebra has a finite order. 
Namely, we establish a formula for the fourth power of the antipode analogous to 
18, Proposition 6] and show that the order of the antipode of a finite dimensional 
Frobenius weak Hopf algebra is finite modulo the group of trivial automorphisms of 
H. As in |l8| , the proof uses non-degenerate integrals and distinguished group- like 
elements of H and H * . 
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Finally, we extend the Larson- Radford formula for Tr(S 2 ) 0] and use it to es- 
tablish a sufficient condition for a weak Hopf algebra being both semisimple and 
cosemisimple. We also prove that semisimplicity of a weak Hopf algebra with coin- 
ciding bases is equivalent to its cosemisimplicity. As an application, we show that 
a dynamical twisting deformation of a semisimple Hopf algebra [Q is a semisimple 
and cosemisimple weak Hopf algebra (dynamical twists are closely related to the 
dynamical quantum Yang-Baxter equation of Folder || ) . 

2. Preliminaries 

Throughout this paper k denotes a field. We use Sweedler's notation for a 
comultiplication: A(c) = C(i) ® C( 2 ). For an algebra A we denote by Z(A) its 
center. 

Definition of a weak Hopf algebra. Below we collect the definition and basic 
properties of weak Hopf algebras. 

Definition 2.1 (jj]], Q). A weak Hopf algebra is a vector space H with the struc- 
tures of an associative algebra (H, m, 1) with a multiplication m : H ®fe H — > H 
and unit f G H and a coassociative coalgebra [H, A, e) with a comultiplication 
A : H — > H ®k H and counit e : H — > k such that: 

(i) The comultiplication A is a (not necessarily unit-preserving) homomorphism 
of algebras: 

(1) A(hg) = A(h)A(g), h,gtH, 

(ii) The unit and counit satisfy the following identities: 

(2) (A®id)A(l) = (A(1)8>1)(1®A(1)) = (1®A(1))(A(1)®1), 

(3) e(f9h) = e(fg {1) )e(g (2) h) = e(fg^ 2) ) e(g (1) h), 

for all f,g,h€ H. 

(iii) There is a linear map S : H — > H, called an antipode, such that 

(4) m(id®5)A(ft) = (e <g> id)(A(l)f7i ® 1)), 

(5) m(S <g> id)A(ft) = (id®e)((l®fc)A(l)), 

(6) = S(ft (1 ))fe( 2 )5(/na)), 
for all h e H. 

Axioms (||) and (||) above are analogous to the usual bialgebra axioms of A 
being a unit preserving map and e being an algebra homomorphism. Axioms (^) 
and (||) generalize the properties of the antipode with respect to the counit. Also, 
it is possible to show that given (0) - (||), axiom ^ is equivalent to S being both 
anti-algebra and anti-coalgebra map. 

Remark 2.2. A weak Hopf algebra is a Hopf algebra if and only if the comultipli- 
cation is unit-preserving and if and only if e is a homomorphism of algebras. 

A morphism between weak Hopf algebras H± and H 2 is a map a : Hi — > H 2 
which is both algebra and coalgebra homomorphism preserving 1 and e and which 
intertwines the antipodes of H\ and H 2l i.e., a o Si — S 2 o a. The image of a 
morphism is clearly a weak Hopf algebra. 
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When dirrifc H < oo, there is a natural weak Hopf algebra structure on the dual 
vector space H* = Horn/, (if, k) given by 

(7) (0^,ft> = (0®^ A(ft)>, 

(8) (A(0), ft® 5 ) = (0>S>, 

(9) (5(0), ft) = <0, S(h)}, 

for all <j>,ip S if*, ft, .g G if. The unit of H* is e and the counit is i— > ( 0, 1 ). 
In what follows we use the Sweedler arrows for the dual actions, writing 

(10) ft^ = 0(1) (0(2), ft), 0^ ft= (0(1), ft)0( 2 ). 

for all ft e ff,0 € #*. 

Example 2.3. Let G be a groupoid (a small category with inverses) with finitely 
many objects, then the groupoid algebra kG (generated by morphisms g € G with 
the product of two morphisms being equal to their composition if the latter is 
defined and otherwise) is a weak Hopf algebra via : 

(11) A(g) = g®g, e(g) = 1, S(g) = g~\ for all g € G. 

In fact, when G is finite and k is algebraically closed and has characteristic 0, this 
is the most general example of a cocommutative weak Hopf algebra JTo) ] . 

If G is finite, then the dual weak Hopf algebra (kG)* is isomorphic to the algebra 
of functions on G, i.e., it is generated by idempotents p g , g S G such that p g ph = 
Sg^hPg, with the following structure operations 

(12) A(Pg) = ^ VU ®VV, e(Pfl) = Sg t gg-1, S(j)g)=Pg-l. 

uv—g 

This is the most general example of a finite dimensional commutative weak Hopf 
algebra over an algebraically closed field of characteristic Jl(J . 

More interesting examples of weak Hopf algebras arise as dynamical twisting 
deformations of Hopf algebras Q and as symmetries of finite depth subfactors |l3| , 

El- 

We refer the reader to the original article |jl| and recent survey jl5| for a detailed 
introduction to the theory of weak Hopf algebras and its applications. 

Counital maps and bases. The linear maps defined in (§) and (|) are called 
target and source counital maps and are denoted St and e s respectively : 

(13) £ t (ft) = e(l (1) ft)l (2 ), e s (h) = l (1) e(ftl (2 )), 
for all ft G H . The images of the counital maps 

(14) H t = E t (H), H S =£ S {H) 

are separable subalgebras of H , called target and source bases or counital subalgebras 
of H . These subalgebras commute with each other; moreover 

H t = {(0 ® id)A(l) | G H*} = {h E H \ A(ft) = A(l)(ft ® 1)}, 
H s = {(id®0)A(l) |0GiT} = {ftGtf| A(ft) = (1 ® ft)A(l)}, 

i.e., H t (respectively, H s ) is generated by the right (respectively, left) tensor factors 
of A(l) in the shortest possible representation of A(l) in H <E> H. 
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Integrals and Probenius weak Hopf algebras. The notion of an integral in a 
weak Hopf algebra is a generalization of that of an integral in a usual Hopf algebra 
02.1.1]. 

Definition 2.4 (0). A left (right) integral in H is an element £ 6 H (r 6 H) such 
that 

(15) h£ = e t (h)£, (rh = re s (h)) for all h G H. 

We denote by (respectively, by J^) the space of left (right) integrals in H. 

Clearly, f H is a left ideal of H and is a right ideal of H. 

An integral in a finite dimensional weak Hopf algebra H (left or right) is called 
non- degenerate if it defines a non-degenerate functional on H*. A left integral £ is 
called normalized if Et(t) — 1. Similarly, r £ J„ is normalized if s s (r) = 1. 

Any left integral A G satisfies the following invariance property : 

(16) /iff( 2 ) ) = 5(/i (1) )(A, fy 2 )5), g,heH. 
Similarly, a right integral p 6 JX, satisfies 

(17) (p, g{i)h)g {2) = (p, gh {l) )5(/i (2) ), g,heH. 

The fundamental theorem for weak Hopf modules |l], 3.9] implies that if H is 
finite dimensional then J l H generates H as a dual left _ff*-module. More precisely, 
there is an isomorphism H = f„ ® H *H* of right i/*-Hopf modules given by 

where £ 6 J H and G if*. Note that, unlike in the usual Hopf algebra case, this 
does not immediately imply existence of non-degenerate integrals in H. However, 
it follows from the arguments of pi Section 3] that H is automatically a Frobenius 
algebra when its bases are commutative. It was also shown in [ffl, 3.16] that H is a 
Frobenius algebra if and only if there exists a non-degenerate integral in H , if and 
only if dim J„ = dm\H t , and if and only if H* is a Frobenius algebra. 

Note 2.5. In what follows we always work with Frobenius weak Hopf algebras. 

Maschke's theorem for weak Hopf algebras, proved in ||, 3.13] states that a weak 
Hopf algebra H is semisimple if and only if H is separable and if and only if there 
exists a normalized left integral in H. In particular, every semisimple weak Hopf 
algebra is finite dimensional. Note that since St (J H ) c Z(H)r\H t , it follows that H 

is semisimple if and only if there exists I G such that Ef (£)p ^ for all primitive 
idempotents p G Z(H) n H t . 

For a Frobenius H , there is a useful notion of duality between left integrals in 
H and H* Jl], 3.18]. If £ € f H is a left integral and there exists A G H* such that 
A — 1 1 = 1, then such A is unique, it is a left integral in H*, and both £ and A are 
non-degenerate. Moreover, £ — 1 A = e. Such a pair of integrals is called a pair of 
dual integrals. 

3. Minimal weak Hopf algebras 

Here we classify all weak Hopf algebras generated by their bases. These are prob- 
ably the most trivial (although in general non-commutative and non-cocommutative) 
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weak Hopf algebras, as every weak Hopf algebra contains a weak Hopf subalgebra 
with this property. 

Let H be a weak Hopf algebra. Observe that a subalgebra i? m ; n := H t H s is a 
finite dimensional weak Hopf subalgebra of H (this follows from the fact that bases 
are finite dimensional and commute with each other). Moreover, since H t and H s 
are generated by the tensor factors in the shortest possible representation of A(l), 
-ffmin is the minimal weak Hopf subalgebra of H containing 1 . 

Definition 3.1. A weak Hopf algebra is called minimal if it has no proper weak 
Hopf subalgebras. 

Remark 3.2. The only minimal usual Hopf algebra is fcl. 
We have 

ffmin = H t <E>H t nH B H s = H t ®H t nH 3 H° p , 

as algebras (with the obvious multiplication in the relative tensor product), where 
H t nH s CZ(H t )nZ(H s ). 

Recall that for an algebra A an element £ G A® A is called a separability element 
if (a <S> 1)£ = £{1 ® a) for all a G A and m{£) — 1, where m is the product in A. 
An algebra A for which there exists such an element is called separable; it is a 
standard fact in the theory of associative algebras that a separable algebra over a 
field is finite dimensional and semisimple. A separability clement £ is two-sided if 
£(a (g> 1) = (1 <8> a)£; if a two-sided separability element exists, it is unique. 

Remark 3.3. Note that i? m ; n is a separable algebra with a separability element 
£ = 1( 1 )S'(1^) <8> S'(l(2))l(2)- In particular, any minimal weak Hopf algebra is 
semisimple. 

Assume that k is an algebraically closed field of characteristic 0. The next 
Proposition gives an explicit description and complete classification of minimal 
weak Hopf algebras over k. 

Proposition 3.4. Every minimal weak Hopf algebra H is completely determined by 
the following data : (B, A, g), where B is a finite dimensional semisimple algebra, 
A C Z(B) is a commutative subalgebra, and g G B is an invertible element such 
that Tr(ir(g)) = degir for any finite dimensional representation ir of B, as follows. 

As an algebra, H = B (gu B op , i.e., H is generated by the elements b G B, 
c G B° v (where c ^> c is the canonical algebra anti-isomorphism from B to B op ) 
and relations bc = cb, a — a, a e A. The coalgebra structure is given by 

(18) A(Bc) = 6(^W)®e (2) c, 

(19) e(bc) = Tr reg {g- l cb), 

where e — ® e^ is the unique 2-sided separability element of B and Tr reg is 
the trace of the regular representation of B, and the antipode is given by 

(20) S(bc) = g- x cgb. 

Minimal weak Hopf algebras defined by (B, A, g) and (B', A', g') are isomorphic 
if and only if there exists an algebra isomorphism t : B — > B' such that t(A) = A' 
and r(g) = g' . 
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Proof. Let B = H t and A = H t H H s C Z(B), then we clearly have H = B® A B op 
as algebras (where B op = H s ). We identify the map b i— > 6 with the antipode map 
of ff restricted to ffj . 

It can be easily deduced from the axioms of a weak Hopf algebra that for all 
b, c G B we have e(6c) = e(cS 2 (b)) and that e|s is non-degenerate. Therefore, 
there exists an invertible element g £ B such that e(b) = Tr reg (<7 _1 6). Hence, 
S 2 (b) = g~ l bg and S(bc) = S 2 (c)S{b) = g^cgb. Since e t \ Hs = S\ Hs , we have : 

e(bc) = e(bS(c)) = e(&S 2 (c)) = e(bg- l cg) = Tr^g' 1 cb) . 

Since 5(l(i)) (8> 1(2) is a separability element of £?, we have 

® 1(2) = e (1) <g> he^ 2 \ 

where h £ B is such that e^he^ — 1, i.e., Tr reg (7r(/i)) = deg7r for any irreducible 
representation 7r of B. The counit and antipode properties imply that h = g, since 

1 = l (1) e(l (2) ) = S-'ieS^Tiig^he^) = S^^k). 

We compute : 

A(l) = S-\e^)^ge^ ^S(S- 2 (e^))^ge^ 

= S(geW g- 1 ) ® ge™ = (geMg- 1 ) ® <?e (2) = foiW) ® e (2) . 
The comultiplication on bases is determined by the value of A(l), therefore 
A(bc) = b(geP)) ® e (2) c, beB,ceB op , 

which completely defines the structure of ii". One can check that the above opera- 
tions indeed define a weak Hopf algebra. 

Let H' be the minimal weak Hopf algebra defined by (B' , A', g') and t : H — > iJ' 
be an isomorphism of weak Hopf algebras. Then 

t(B)=B' and r(A) = T {H t r\H s ) =H' t r\H' a = A'. 

Since r preserves the regular trace of H t and e we have r(g) — T(g'). □ 

Remark 3.5. Examples of minimal weak Hopf algebra structures on the algebra 
B ®k B° p appeared in jl], Appendix]. 

We will denote the minimal weak Hopf algebra defined by the data (B, A, g) by 
H min (B,A,g). 

Remark 3.6. (i) The square of the antipode of H m i n (B, A, g) is given by the 
adjoint action of g~ 1 S(g). In particular, in any weak Hopf algebra with 
commutative bases, S 2 is trivial on the minimal weak Hopf subalgebra. 

(ii) For any given A and B as above, H m i n (B, A, 1) is a unique, up to an isomor- 
phism, minimal weak Hopf algebra, for which Ht = B, Ht Pi H s = A, and 
S 2 = id. 

(iii) For any minimal idempotent p £ A, the space pH m { n (B,A,g) is a simple 
subcoalgebra of -ff m i n (-B, A, g); in particular, any minimal weak Hopf algebra 
is cosemisimple. Duals of weak Hopf algebras H m i n (B, kl,l), which are simple 
as algebras, were considered in 
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Remark 3.7. Let us explain that every weak Hopf algebra is a deformation of a 
weak Hopf algebra H with the property that 

(21) S 2 = id on the minimal weak Hopf subalgebra -ff m i n of H. 

Explicitly, if H is a weak Hopf algebra and q G H t is an invertible element such 
that S 2 (q) = q and S(lm)qlt2) = 1 then there is a deformation weak Hopf algebra 
H q with the underlying algebra H and the structure operations 

A'{h) = A(/i)(l®g), e'(h) = eihq- 1 ), and S' (h) = q' 1 S (h)q, heH. 

This deformation can be understood in terms of twisting, cf. jl^, 6.1.4]. In partic- 
ular, if the minimal weak Hopf subalgebra of H is H m i n (H t , H t P\H s ,g), then H g -i 
has property (^l|). Thus, problems regarding general weak Hopf algebras can be 
translated to problems regarding those with the regularity property (^l|). 

Note that if H satisfies ( f2l|) then so does H* . This appears to be a natural 
property, since it is satisfied by dynamical quantum groups j| and weak Hopf 
algebras arising as symmetries of Jones- von Neumann subfactors fl3|| , [fl4[ . 

The next Corollary shows that, in contrast with usual semisimple Hopf algebras 
(cf. |ll|]), there can be infinitely (even uncountably) many non- isomorphic semisim- 
ple weak Hopf algebras with the same algebra structure. 

Corollary 3.8. Let B be a non- commutative finite dimensional semisimple alge- 
bra, and g\ , 52 G B be invertible elements with different spectra. Then weak Hopf 
algebras H m i n (B, kl, 51) and H m i n {B,kX,g2) are not isomorphic. 

Proof. It is clear that no automorphism of B can map 51 to 52. □ 

Conjecture 3.9. The number of non-isomorphic weak Hopf algebras H with the 
property (|2l]) is finite in any given dimension. 

4. Group-like elements in a weak Hopf algebra 

Definition and properties. Let H be a weak Hopf algebra. The notion of a 
group- like element in a weak Hopf algebra was introduced in (!]] . 

Definition 4.1. An element g G H is said to be group-like if it is invertible and 
satisfies 

(22) A(g) = ( 5 ®s)A(l) and AQ?) = A(l)(g <g> g). 

Group- like elements of H form a group which we will denote by G(H). 

Lemma 4.2. For any g £ G(H) we have et{g) — £s{g) — 1 and the element 
S(g) = g~ x is group-like. 

Proof. The identities for counital maps follow from applying e to ((2^). That S(g) = 
g^ 1 follows from the uniqueness of the inverse element and antipode. □ 

Lemma 4.3. If H is finite dimensional, then 7 € G(H*) if and only if it is invert- 
ible and satisfies the following two conditions : 

(l,hg) = (7, )(7, S{l(2))g), 

(l,hg) = (7, /i5(l ( i))>(7, 1(2)5)- 

for all h, g G H . 
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Proof. This is a straightforward dualization of (|22j) . Equation (|23j) is equivalent to 
A(7) = (7 ® 7)A(e) and equation is equivalent to A(7) — A(e)(7 <g> 7). □ 



Remark 4.4. If H is an ordinary Hopf algebra, then the notion of a group-like 
element coincides with the usual one (cf. || , {2(1 ) . 

Proposition 4.5. Any group-like element in a minimal weak Hopf algebra H m i n 
has the form g — S(y)y , where y G H s is such that S 2 (y) = y. 

Proof. Without loss of generality we may assume that H t H H s = kl, as every 
minimal weak Hopf algebra is a direct sum of weak Hopf algebras with this property. 
Let g = J2i=i Vi z i be a group-like element in H m i n , where {y{\ C H s and {z{\ C H t 
are linearly independent sets. We may assume that each is invertible. Then 

n n 

{z% ® W)A(1) = ® %^) A ( 1 ) 

i=l ij — 1 

n 

= ^(^®^%-^ 1 (2/i))A(l), 

whence j/j = fX^=i Di z j\ S^iVi) by linear independence. Therefore, n = 1 and 

g = yiS' _1 (yi) _1 . It is straightforward to check that this g satisfies the second 
equality of (p2|) if and only if S 2 (y\) — y\. □ 



Definition 4.6. Elements of the form g = S(y)y 1 , y E H s are called trivial 
group-like elements. 

Group-like elements give rise to weak Hopf algebra automorphisms. 

Proposition 4.7. If g G H is a group-like element, then the map h >— > ghg~ l , 
where h G H , is a weak Hopf algebra automorphism. If 7 £ is a group-like 
element, then the map h 1— > (7 — v h 7 _1 ) is a weafc -ffop/ algebra automorphism. 

Proof. A direct computation. □ 
Proposition 4.8. If £ G H* is invertible and y = — 1 1) G H s then 

(23) (s(Or x ) ft = sG/to -1 & %rV 

Proof. It follows from the properties of bases of a weak Hopf algebra that 

(5(orV^(s(r^) = 
= (5(0 - i)(i - sio- 1 ) h (r 1 - i)(i - 
= (r 1 - i)- 1 ^- 1 wcr 1 - i)- x (r x ^ i), 

for all £ e H*. □ 

Definition 4.9. We will call a weak Hopf algebra automorphism of H trivial if it 
is defined by (P3|) . 



Trivial weak Hopf algebra automorphisms of H form a normal subgroup Auto(-ff ) 

of the group Aut(if) of all weak Hopf algebra automorphisms of H . Let Aut(if) 
denote the corresponding quotient group. 
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The group of group-like elements. Let us denote 

(24) G^H) := {g\ A(0) = (0® 5 )A(1)}\{O}, 

(25) G 2 (H) := A(g) = A(l)(g®g)}\{0}, 

then the group G(H) of group-like elements of if consists of invertible elements of 
Gi(H)nG 2 (H). 

The group Gq(H) of all trivial group- like elements is a normal subgroup in G(H). 
Define G{H) = G(H)/G (H), the quotient group of G(if) by G (ff). Let .g h-> § 
denote the canonical projection from G(H) to G(H). 

It turns out that G{H) plays more important role than G(H), as it possesses 
properties extending those of the group of group-like elements of a usual Hopf 
algebra. 

Remark 4.10. We have Gq(H) = {1} if and only if the bases of H coincide. 

Remark 4.11. For any g £ G(H) the map x ^ gx \s an isomorphism between 
cosemisimple coalgebras H m [ n = H t H s and H g := gH m [ n . For g, /i £ G(H) we have 
-ffg = .ff/j if and only if g = h in G(H). 

Corollary 4.12. If H is finite dimensional then G(H) is finite. 

Proof. By the previous remark, to every g £ G(H) there corresponds a cosemisimple 
subcoalgebra H g of Corad(-ff), the coradical of H; and H g = Hh if and only if g 
and h define the same coset. But there are only finitely many mutually non- 
equal cosemisimple subcoalgebras of Corad(iJ ) , so the quotient group is necessarily 
finite. □ 

Modules associated with group-like elements. In the case of a usual Hopf 
algebra H, the group-like elements of H* are precisely the homomorphisms from 
H to the ground field k (i.e., H- module structures on k). In this subsection we 
present an analogous correspondence for weak Hopf algebras. 

Let H be a finite dimensional weak Hopf algebra. For every 7 £ G\(H*) we 
define a linear map ej : H — > H s by setting 

(26) sl(h) := { % hl (1) )S(l (2) ). 

Similarly, for every 7 £ G 2 {H*) we define a linear map el : H — > H t by 

(27) e 7(fc):=S(l (1) )<7,l (2) /i>, / l £iJ. 

It follows from Lemma |4.2| that and e] are projections, i.e., ej o = e] and 
ej o e] = e] . These projections are generalizations of counital maps, since we have 
e\ = e t and e| = e s . 

Lemma 4.13. For every 7 £ G\{H*) the source counital subalgebra H s becomes a 
right H-module via 

(28) yh:=e](yh), y eH s ,heH. 

Similarly, for every 7 £ G 2 (H*) the target counital subalgebra H s becomes a left 
H-module via 

(29) h-z:=el{hz), z £ H u h £ H. 
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Proof. We will only prove the first statement since the proof of the second one is 
completely similar. We have 

y ■ 1 = (7, }S(1( 2 )) = e(2/l(i))5(l (2) ) = y, 



for all y E H s , using Lemma 4.2 and properties of the counit. Also, for all g,h E H 
we compute, using Lemma L3 : 

(y-g)-h = (7, Z/ffl(i) )(S'(1(2)) ■ h) 

= <7, ^l ( i))(7,5(l (2) )W (1) )5(l' (2) ) 

= (7, 2/.gW(i) >S'(i(2)) = y ■ (gh), 

where 1' stands for the second copy of 1. □ 



Let us denote H] (respectively, Hj) the H- module from Lemma 4.13 . 

Proposition 4.14. The correspondence 7 1— > H] is a bijection between G\(H*) 
and the set of all right H-module structures on H s that restrict to the regular 
H s -module. Moreover, 1/71,72 G G\(H*), then H] 1 = H] 2 if and only if 72 = 
7iS(£)S -1 /or some £ G H*. 

There is a also a similar bijection between G^H*) and the set of all right H- 
module structures on H t that restrict to the regular H t -module. 

Analogous statements also hold for left H -modules. 

Proof. If H s has a structure of a right iJ-module via y ® h 1— > y ■ h, such that its 
restricted i? s -module is the regular 7J s -module, then the functional 

(30) 7 : h h-» e(l • h), heH 

belongs to G±(H*) by Lemma |4.3| , since 

(7, hg) = e((l • h) ■ g) = e((l • h)\ (1) )e{S{\ (2) ) ■ g) = (7, hl (1) )( 7 , S(l {2) )g), 



for all h,g £ H. Clearly, formulas ( |28| ) and (|3C|) establish a bijective correspondence. 

Next, H] 1 and ff^ 2 are isomorphic if and only if there is an invertible element 
v E H s such that 

U'5(l(2))(7l ) ^l(l) ) = S'(l(2))(72) hvl (i) ), 

for all h E H. This is equivalent to 

72 = S~ 2 (v) ->> 71 ^- = 7i(5 _1 (u) e)(e <<- w _1 ), 

i.e., 72 = 7iS(£)r\ where £ = S^v" 1 ) e G Hence, 71 = 72 in §(#*). 
Conversely, if 72 = 71 S^)^ 1 for some £ G i?*, then the map y 1— > uy, where 
i> = 5(^ _1 ) — ^ 1 G i? s , is an isomorphism between H] 1 and i?7 2 - 

In a similar way one can show that \i z®h ^ zohis & right H- module structure 
on H t that restricts to the regular ff t -module, then 

(31) 7: /n-fe(loft), ft,Gi? 

defines an element of G2(H). This correspondence is also bijective and f/-modules 
corresponding to 71,72 are isomorphic if and only if 72 = 7i>S'(C)C 1 f° r some 

C e //?. □ 
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Remark 4.15. Suppose that we have both H- module structures on H s and H t 
described in Proposition 4.14 with actions of H denoted by • and o respectively. 
Let 7 and 7' be the corresponding group-like elements : 

(7, h) = e{l-h), {~/',h)=e(lah), h£H. 

If e(l • h) — e(loh) for all h £ H, then 7 — 7' is a group-like element in H* . Indeed, 
by Proposition 4.14 it satisfies both conditions of (p2|). Note that e s (j) = e since 

(e s (~f),h)=e(l-e s (h))=e(h), heH, 

and, therefore, 5(7)7 = £ s(l) = £ j i- e - 5 7 is invertible. 

The next Proposition describes the space of self-intertwiners of H] , 7 £ G(H*). 

Proposition 4.16. T/ie map T 1— » T(l) is an isomorphism between the algebras 
End(H]) h and Z(H) n lf a . These algebras are also isomorphic to H£ n if*. 

Proof. Since if 7 restricts to the right regular 7f s -module, every self-intertwiner of 
H] is of the form y i-> T{l)y. The condition that Toh = hoTin End(if7) H for 
all h is equivalent to 

(7, hS~ 2 (T(l))) = (7, T(l)h) for all heH. 

This, in turn, is equivalent to the identity 

T(l)- e = e -T(l). 

This means that e ^— T(l) S fi t * n i?*. Observe that ( h-» (C — v 1) is an algebra 
isomorphism between H^DH* and Z(H)(~)H S that maps e ^— T(l) to T(l). Clearly, 
T 1 ► T(l) is an algebra isomorphism. □ 

5. The Radford formula for S 4 

Distinguished group-like elements. We use the idea of Radford |l£| to define a 
canonical coset of group- like elements in the quotient group G(H) = G(H)/Gq(H). 
Let H be a finite dimensional Frobenius weak Hopf algebra such that S 2 \H miri = id, 
and let £ be a non-degenerate left integral in H . 

Lemma 5.1 ((Q, 3.17)). The element I is cyclic and separating for the right H s - 
module (respectively, H t -module) f H , where H s (respectively, H t ) acts by the right 
multiplication. 

Proof. The map £ 1— > (£ — v 1) is a linear isomorphism between H* and H s . For all 
non-zero £ £ H* we have 0^£^£ = ^(£^1), whence for all y £ H s we have 
£y = if and only if y = 0, i.e., £ is separating. It is cyclic since dim J„ = dim if,. 
The proof of the statement regarding H t is similar and uses that I £ = £(1 ■<— £) 
foralUGtf*. □ 



By Lemma 5.1, any non-degenerate £ £ J H gives rise to a right H- module struc- 
tures on H s and H t given by 

(32) £yh = £(yh) and £zh = £(z o /i) 

for all y £ H s , z £ H t , and h £ H. These modules are well-defined and restrict to 
the regular H s - and i/t-modules. 

Lemma 5.2. We /lave e(l • h) = e(l o h) for all h £ H. 
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Proof. What we need to show is that the equality £y = £z for y 6 H s and z G H t 
implies that e(y) — e(z). 



By Lemma 5.1 there exists a unique well-defined linear map T : H t — > H s such 
that £T(z) = £z for all z S H t . Clearly, T is an algebra anti-homomorphism and the 
composition ST is an automorphism of H t . Since e\n t — Tr rog when <S 2 |ij min = id 



by Proposition 3.4, we have e(T(z)) = e(ST(z)) = e(z), because any automorphism 



of a semisimplc algebra preserves the regular trace. □ 

Corollary 5.3. The above modules associated to any non- degenerate £ G J H canon- 
ically define a group-like element jj> £ G(H*). 



Proof. Follows from Remark 4.15 and Lemma 5.2. □ 



Let us denote by We the right TJ-module structure on H s corresponding to £. 

Lemma 5.4. Let £' be another non- degenerate left integral in H and 7;/ G G(H*) 
be the corresponding group-like element as above. Then je — 7^ in G(H), i.e., 7^ 
and 7^' define the same coset in G(H). 

Proof. Since both £ and £' are non-degenerate, we have £' = £v for some invertible 
v G H s , and the action • of H on is related to the action ■ of H on Wg by 
y • h = v~ 1 (vy ■ h) for all y G H s . This means that right i?-modules Wg> and 



We are isomorphic via y 1— » vy. Therefore, by Proposition 4.14, the corresponding 



group- like elements 7 and 7' define the same coset in G(H*). □ 



Corollary 5.5. Let H be a finite dimensional Frobenius weak Hopf algebra. There 
is a canonically defined coset a in G(H) such that We = Hf for any non- degenerate 
integral £ G J H and any representative a of a. 

Definition 5.6. We will call a the canonical coset of group-like elements and any 
representative a of this coset a canonical group-like element. 

Dual pairs of non-degenerate integrals. We continue to assume that S 2 \H min = 
id. Recall from Section || that left integrals £ G J H and A G j H , are dual to each 
other if A — * £ = 1, in which case they are both non-degenerate and also satisfy 
£ A = e (this was shown in g 3.18]). 

It turns out that such pairs are closely related to distinguished group-like ele- 
ments in H and H * . In this subsection we study this connection, following |l^] . 

Recall the projections e] and e] from ( p6| ) and (|27j). For all 7 G G(H*) define 

L 1 := {h G H I gh — e](g)h for all g G H}, 
Ry := {heH I hg = he^g) for all g G H}. 

Also, for all g G G(H) define 

L g := {(j>€H*\ip<f> = Ef(il>)<j> for all ip G H*}, 
R g := {(f> G H* I (pip — (j)e a s {tj)) for all ip G H*}, 

Clearly, L g ,R g are subspaces of H* and L 7 ,i? 7 are subspaces of H. Note that 
Li = f H , , Ri = f H * and L e = f H , R e = f H . 
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Remark 5.7. By Corollary 5J3, every non-degenerate I £ J H belongs to some R a 
and also every non-degenerate r £ belongs to L a , where a is a distinguished 
group- like element in G(H*). Similarly, every non-degenerate A £ J H „ belongs to 
some R a and every non-degenerate p £ f H , belongs to L a , where a is a distinguished 
group- like element in G{H). 

Proposition 5.8. Let g,h £ G(H). The map <fi t— > (h — 0) js a linear isomor- 
phism between L g and L gh -i. 

Proof. Take £ L s , ^ £ iJ* and compute 

V>(/i-0) = h - - v#) 

= ft - ( £ f (/r 1 - 

= S(e^)(e (2 )ip(i), g)(ip(2), h' 1 )^ 0) 
= 5'( e (i))( e (2)V', gh" 1 )^ -± 0) 

Here we used the definition of ef and that A(£) = en)£ (8 £( 2 ) for all £ £ # t *- Thus, 
(/i — 1 0) £ Lgh-i, which proves the claim. □ 

Let i be a left non-degenerate integral in H and A be the dual left integral 
in H*. Then S(l) is a right integral in H, i.e., £ R e . By Remark |/7| we 

also have S(£) £ L a , where a is a distinguished group-like element in G{H*). By 



Proposition 5.8 we have a -1 — 1 S(£) £ L e , therefore S^f) = a (lye) for some 
yi £ i? s . Below we show that yi = \. 

The following Lemma was proved in jl8[ 2.2] for ordinary Hopf algebras. It is 
valid for weak Hopf algebras as well, we give a proof for the sake of completeness. 

Lemma 5.9. Let £, A be a dual pair of integrals as above. Then for all £ H* we 

have 

(33) S(0) = {jt<- 0) - A. 

Proof. We compute, using the invariance property ( |l6| ) of left integrals : 

(i-0)-A = (^(i), •£(!) K( 2 ) A 

= A (1) (0A (2) ,€) 

= 5(0 (1) )(0 (2) A,O 

= S(0 (1) )(0 (2) , A-0 

= 5(0), 

for all £ .ff*. □ 
Lemma 5.10. We have yi = \. 

Proof. First, we note that S(£) = a (lye) = (ye — 1 ct) £, by the definition of 
ye- On the other hand, 

S(£) = (A «- ->> £ 
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by Lemma |5.9| . Since £ is non-degenerate, we have 

(34) w a = A - L 

Applying the target counital map to the both sides of the last identity we get 

Et(A^f) = (A(i), l)£ t (\i)) = (e {1) \,£)e(2) = e 
s t (ye ^ a) = s t (a(y t : e)) = aS(y e e)^" 1 , 
therefore yi — 1 e = e, i.e., y% = l. □ 

Corollary 5.11. For any pair o/ Ze/t integrals £ and A swc/i i/iat £ — A = e and 
A — x t = 1 t/iere exist distinguished group-like elements a € G(H*) and a G G(H) 
such that 

(35) A £ = a and £ ^ X = a. 
Furthermore, S(£) = a ^ £ and 5(A) = a — A. 



Proof. The statements concerning a follow from (|3J) in the the proof of Lemma 5.10 
and those concerning a follow by duality. □ 

Formula for S 4 . We extend the argument of |l8|, Section 3] to establish a formula 
for the fourth power of the antipode in terms of distinguished group- like elements. 
We keep notation of the previous subsection. Let a and a be distinguished group- 



like elements from Corollary 5.11 



Define linear isomorphisms (lJr '■ H* — > H and Xl, Xr : H — > H* by 
£ L {4>) = <t> ^ £, X L (h) = h^X, 
i R ((t>) =£^<t>, Mh) = A <- h, 
for all (f> 6 H* and h £ H. 

Proposition 5.12. We have the following relations 

e L oX R (h) = s(h), 

i L oX L {h) = S-\a^h), 
£ R °X R (h) = S-'ia^h), 
£ R oX L {h) = S((fc^a)o _1 ), 

for all h £ H. 

Proof. We establish these relations by a series of direct computations that use the 



invariant properties of integrals and Corollary |5.11 



£ L oX R (h) = (A (1) , h)£ L (X (1) ) 

= %)(A, h£ (2) ) 

= s(h (1) )(x,h {2) e) = s(h), 

e L oX L {h) = £ {1) (X,£ (2) h) 

= s-^h^ix, th {2) ) 

= S~ 1 {h ( i)){a,h(2))=S~ l {a^h), 

i R oX R {h) = (X,h£ {1) )£ (2) 

= (a" 1 -5(A), h£ {1) )£ {2) 

= (S(X),h£ w a- 1 )(£ (2) a- 1 )a 
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= (S(X),h {1) £a- 1 )S~ 1 (h (2) )a 

= (X,h {1) £)S- 1 (h (2} )a 

= S- 1 (h)a = S-^a^h), 

£ R oX L (h) = (\,£ { i)h)l (2) 

= (a- 1 -5(A), l (1) h)£ (2) 

= (S(X), ^(i)/ia _1 )i{ 2 ) 

= (S(X),eh (1) a- 1 )S(h (2) a- 1 ) 

= (A,a (1) )5(/i (2) a- 1 ) 

= (a, fyi) }'5(/i(2)a _1 ) = S((ft — a)a _1 ), 
for all ft G if. □ 

Theorem 5.13. For all h E H we have 

(36) S i (h) = a- 1 (a^-h^a- 1 )a. 
Proof. From Proposition |5.12 we deduce 

£ L oX L (S 2 (h)) = S-\a^(S 2 (h)) 

= S(h (1) )(a, S 2 (h {2) )) 

= S(a ft) 

= £l ° Ar(c\! — ft), 
iR.oX R {S 2 {h)) = Sr^a" 1 ^)) 

= %- x ft) 

= 5*((g — a)a _1 ) 

= tR°X L {g), 

for all ft G H, where g = (a~ 1 ha) a -1 . Since the maps II and l R are bijective, 
it follows that 

(37) X L (S 2 (h)) = X R (a^h) and X R (S 2 (h)) = A^a^fta) - a^ 1 ). 
Combining these identities we get 

X L {S\h)) = X R (a^S 2 (h)) 
= X R (S 2 (a^h)) 
= A L ((a" 1 (a — h)a) — a" 1 ). 
Replacing ft by ft a we get the desired formula. □ 



Remark 5.14. If S 2 \fi n , in i= id, then according to Remark 3/7 there exists a defor- 
mation iJ g of H for which the antipode satisfies 

S' 2 (h) = g- 1 S(g)S 2 (h)gS(g)-\ ft G H, 



and 5' |i? mln = id, where 5 G H u S 2 (g) = g. 

Corollary 5.15. For any finite dimensional Frobenius weak Hopf algebra there 
exists an integer n > 1 such that S in is a trivial weak Hopf algebra automorphism 
of H . In other words, S 2 has a finite order modulo a trivial automorphism. 
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Proof. By the previous remark we may assume that S \H min = id. Since any weak 
Hopf algebra automorphism of H preserves the class of distinguished group-like 
elements, one can see that weak Hopf algebra automorphisms 

(38) h i ► (a^ 1 (a — v h a~ 1 )a) and h i— > (a — 1 {aT 1 ha) a^ 1 ) 

differ by a trivial automorphism, i.e., Ad a -i and Ad* commute in Aut(iJ). Since 
both a and a have finite order modulo trivial group- like elements, the claim follows. 

□ 

Corollary 5.16. If bases of H coincide, or if bases of H* coincide (i.e., H t = H s , 
or HI = H* ), then G(H) = G(H) and S has finite order in Aut(H). 

Proof. Under the given assumption, all trivial group-like elements are equal to the 
identity element 1. □ 

Remark 5.17. In the special case when both H and H* have non-degenerate 2- 
sided integrals, it was shown in jl], 3.23] that S 4 is a trivial automorphism of H . 



This result also follows from Theorem 5.13 above since in this case distinguished 



group-like elements of H and H* are trivial. 

6. Trace formula and semisimplicity 

Let k be an algebraically closed field of characteristic 0. 

Formula for Tr(S 2 ). In this Section we derive a weak Hopf algebra analogue of the 
Larson-Radford formula for Ti^S* 2 ) |8). As in the case of usual Hopf algebras, this 
formula turns out to be closely related with the semisimplicity of the corresponding 
weak Hopf algebra and its dual. 

It follows from ([!(]) that for a non-degenerate integral i of H with the dual 
integral A, the element (£(2) — 1 A) ® 5 _1 (^(i)) € H* <E> H is the dual bases tensor. 
This implies that for every T G End^i/ we have 

(39) Tr(T) = {X,T(S- 1 (£ (1) )l {2) ). 

In particular, for T = S 2 , we get the following analogue of ]|, Theorem 2.5(a)], 
with counits replaced by counital maps. 

Proposition 6.1. In any finite dimensional H we have 

(40) Tr(S 2 ) — (e s (X),e s (£) ). 

Proof. Follows from (pi) for T — S 2 . □ 



Remark 6.2. When H is a finite dimensional Hopf algebra, an immediate conse- 
quence of the above formula is that H and H* both are semisimple if and only if 
Tr(S 2 ) 7^ Theorem 2.5(b)]. Note that the situation is more complicated for 
weak Hopf algebras, since one can have e s (l) = while et(£) 7^ (e.g., for minimal 
weak Hopf algebras with non-commutative bases, see Section 3). 



Recall from Proposition 4.16| that for any weak Hopf algebra H the algebras 



H s n Z{H) and H* n Hf are isomorphic via y i-v (y 

Definition 6.3. If the H s n Z(H) = fcl, or, equivalently, H* fl H% = fee, we say 
that H is connected. If both H and H* are connected, we say that H is biconnected. 
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Below we always assume that S' 2 |_ff min = id. 

Proposition 6.4. Let I be the set of primitive idempotents of H s n Z(H). If 
Tr(S \ p h) 7^ for all p G I , then H is semisimple. 



Proof. Fix a non-degenerate left integral £ of H. Using the dual bases tensor (39) 
we see that Tt(S 2 \ p h) ^ implies that y p — pe s (£) ^ 0. 

Let a be a group-like element of H* such that S(£) = a — 1 £. Such an a exists 



by Corollary 5.11 and depends on £. Using the definition of integrals we compute : 
V V 1 = S(y p )£ = S(e s (£))£ P = e t (S(£))£p = S(£)£ P = S(£)y p , 

whence 

(41) y p £ = (a £)y p for all pel. 

Let 7r = p 1 G H * n H* and let £ p G 7rff t * be such that y p — £ p -± 1 . For all 
h G H we have yh = £ p ^ h and % = — ft. Due to this observation and 

non-degeneracy of £, we can rewrite equation (|4l| ) as 

(42) $ p = S- 1 (^)a. 



By Remark 3.6(iii), i?i^ in = H£H* is a cosemisimple subcoalgebra of H* and 
7r_ff * lin is a simple subcoalgebra of H^m (since the element 7r is a primitive idem- 
potent in h* n h; ) . 



Recall from Remark 1.11 that i a : 4> i— > 0a is a coalgebra automorphism of * 
which preserves H*: only if a is trivial. This is exactly the case here since the 
relation (fi^ ) insures that i a maps nH* iin to itself for all primitive idempotents 
7r G H* (~l£f t *. Thus, one can choose ^ in such a way that a = e, i.e., one can assume 
that £ = S(£) (in which case £ is a two-sided integral). Then (^) implies that 
£ p G H* n i? t *, therefore, y p £ H s P\ Z(H) is a non-zero multiple of p. We conclude 
that y = s s (£) — J2 P Dp i s an invertible central element of H. Hence, £' — y~ x £ is 
a normalized right integral. By Maschke's theorem, H is semisimple. □ 

Corollary 6.5. Let H be a finite dimensional weak Hopf algebra. Suppose that 
Tr(S 2 \H*ir) 7^ for every primitive idempotent ir G H*C]H^ . Then H is semisimple. 

Proof. Note that pH , where p G H s n Z(H) is a primitive idempotent, is naturally 
identified with the dual space of H*ir, where n = p — 1, so that Ti^S 1 = 
Tr(5 2 | H ^). □ 

Corollary 6.6. Let H be a connected finite dimensional weak Hopf algebra. If 
Tr{S 2 ) ^ 0, then H is semisimple. 

Corollary 6.7. Let H be a biconnected finite dimensional weak Hopf algebra. If 
Tr(S 2 ) 7^ 0, then H and H* are semisimple. 

Semisimplicity and cosemisimplicity. It is a well-known theorem due to Larson 
and Radford J§| that a semisimple Hopf algebra over k is automatically cosemisim- 
ple. The proof of this theorem uses the finiteness of the order of the antipode and 
the formula for Tr(5 2 ). 

Here we prove a similar result for weak Hopf algebras with coinciding bases. 

Lemma 6.8. Let H be a semisimple weak Hopf algebra. Then Tr(S 2 \ P H P ) ^ for 
all primitive central idempotents of H m i n . 
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Proof. Note that since H is semisimple, S 2 is an inner algebra automorphism of H 
by H 3.22]. For all p G H min we have 

(43) Tr(S 2 \ pHp ) = Tr(S 2 \ pHoP ) + £ Tr(S 2 \ pJp ), 

J 

where Hq is the minimal weak Hopf quotient of H (viewed as a minimal ideal of H ) 
and the sum is taken over the rest of minimal two-sided ideals of H (so that each 
pjp is a simple algebra). Since p is a primitive idempotent of -ff m i n , it follows from 



Corollary 5.15 that S n \ P Hp = id for some n > 0, so that Tr(S 2 \ p j p ) > by the same 
reasoning as in [||, Lemma 3.2]. Since S" 2 = id on H^ in , we have S 2 \h = idij - 
Therefore, equation (^) implies that 

(44) Tv{S 2 \ pHp ) > 

for all primitive idempotents p G H min . □ 

Theorem 6.9. Let H be a semisimple weak Hopf algebra such that Ht = H s . Then 
H* is semisimple. 



Proof. By Corollary 5.16| , we have S n = id for some n > 0. Also, the bases are 



necessarily commutative, so that S 2 \H TaiI1 = idf/,, 

By Lemma 6.8 we have Tt(S 2 \ p h p ) ^ for all primitive idempotents p of H s 



H min . For any dual pair (£, A) of non-degenerate integrals, the element 

is the dual bases tensor for pHp, therefore, 

^Tr(S\ Hp ) = <e t (A), pe s (pt)). 

Let p = (e p) G -ff t *, then £t(A)p ^ 0. Since the latter holds for all primitive 
idempotents p G -ff t *, we conclude that £*(A) G Z(H*) n H* is invertible. There- 
fore, A' = Aet(A) -1 is a normalized left integral and, hence, H* is semisimple by 
Maschke's theorem. □ 

Cosemisimplicity of weak Hopf algebras arising from dynamical twisting. 

As an application of the above results we prove below that weak Hopf algebras 
obtained from dynamical twisting of semisimple Hopf algebras (such as, e.g., finite 
group algebras) are semisimple. 

A twist for a weak Hopf algebra H [Q, 3.1.1] is a pair (0, G) with 

(45) 6 G A(l)(iT ® H), G (H ® ff)A(l), and 96 = A(l) 
such that Ae : H — > H ® H denned by 

A e (ft) = 6A(/i)6, heH, 

is a coassociative comultiplication on the algebra H that makes it a new weak 
Hopf algebra, which we will denote by Hq. If we write 6 = ® 0( 2 ) and 
= 0^ ® 0( 2 ), where a summation is understood, then the antipode of Hq is 
given by 

(46) S @ (h) = v^Sityv, heH, 

where v = S(GW)QW and y- 1 = 0WS(©( 2 )). The counital maps of H e were 
computed in || 3.1.2] : 

(47) e t@ (h)=e(QWh)&W, e s& (h) = e^e(hQ^), 
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for all h s Hq; in particular, the twisting may deform the bases of a weak Hopf 
algebra. 

Recall the definition of a dynamical twist in a Hopf algebra from (^]. Let U 
be a Hopf algebra and A be a finite Abelian subgroup of the group of group-like 
elements of H. Let A* be the group of characters of A, and let P M , fi 6 A* be the 
minimal idempotents in kA. 

Definition 6.10. A function J : A* — > {/ ® {/ with invertible values and such that 
J(A)A(a) = A(a)J(A), for all Aei* and a £ A, is called a dynamical twist for {/ 
if it satisfies the following functional equations : 

(48) (A ® id) J(A)(J(A + /i (3) ) ® 1) = (id ® A) J(A)(1 ® J(A)), 

(49) (e®id)J(A) = (id ® e)J(A) = 1. 

Here J(A + M 3 >) = + ® <^U ®U ® A. 

We refer the reader to g for an introduction to the theory of dynamical quantum 
Yang-Baxter equations and dynamical twists. 

Let us consider the tensor product weak Hopf algebra H — MiM(k) ® U, where 
the matrix algebra M\m (k) is a weak Hopf algebra (in fact, a groupoid algebra) with 
the basis consisting of matrix units {Ha^a^sa* and with the structure operations 

(50) A(P V ) = E x ^ E x ^ e{E x ^) = 1, S(P Am ) = E„ A . 
Then for any dynamical twist J : A* ^ U ®U the pair 

(51) 9 = ]T E xx+fl jV(\) ® E xx j( 2 ^ (A)P M , 

(52) © = E Ea +m a J" (1) (A) ® E AA P M J-( 2 HA), 

A/i 

is a twist for H §, 4.2.4], where J = J« ® j( 2 ) and J" 1 = J"« ® J~( 2 ). 

By (^), the counital maps of the corresponding twisted weak Hopf algebra Hq 
are given by 

e tl3l {E al3 h) = e(h) ^ E \\P\-a, e se (E af3 h) = e(h)E pl3 , hell. 

A 

Thus, the bases of Hq are 

(H ) t = span{^ E xx P x _ a \ a e A*} 

A 

(He). = span{P w | (3 S A*}. 

Note that the bases do not depend on J, and that He is biconnected in the sense 
of Definition 6.3. 

Proposition 6.11. Let U be a semisimple Hopf algebra, and J : A* — > U ® U be 

a dynamical twist for U . The weak Hopf algebra Hq obtained by the dynamical 
twisting of H = Mi^i(k) ®U is cosemisimple, i.e., its dual is semisimple. 



Proof. By Corollary |6^, it suffices to show that Tr(S§) ^ in End fe (H e ). From 
1~6|) we see that 

S®{h) = g~ l hg, where g = S(v)~ 1 v, h € Hq. 
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Therefore, TtfSg) = ^2 Tr(Tr(g))Ti(Tr(g~ 1 )), where the summation is taken over 
all irreducible representations of the semisimple algebra H. From the formulas for 
v and d _1 and explicit formulas and ( |52| ) we have : 

g = ^ J B AA P M 5(J( 1 )(A))J( 2 )(A)J-( 2 )(A)5(J-( 1 )(A))P AI , 

X/.i 

g- 1 = ^S A+AlA+A1 F_ Al 5(j( 2 )(A))j( 1 )(A)J-( 1 )(A)5(J-( 2 )(A))P_ At , 

whence we can compute 

Tr(n(g)) = £ Tv(tt(E xx S( J« (A)) (A) ( A )5( J~ (1) (A)))) = degvr, 

A 

and, similarly, Tr^g- 1 )) = degTr so that Tr(<S|) = dim(i? e ) ^ 0. □ 
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